Abstract. Based on the classical thin shell theory with the geometrical nonlinearity in von Karman-Donnell sense, the smeared stiffener technique, Galerkin method and an approximate three-term solution of deflection taking into account the nonlinear buckling shape is chosen, the governing nonlinear dynamic equations of eccentrically stiffened functionally graded circular cylindrical shells subjected to time dependent axial compression and external pressure is established in part 1. In this study, the nonlinear dynamic responses are obtained by fourth order Runge-Kutta method and the nonlinear dynamic buckling behavior of stiffened functionally graded shells under linear-time loading is determined by according to Budiansky-Roth criterion. Numerical results are investigated to reveal effects of stiffener, input factors on the vibration and nonlinear dynamic buckling loads of stiffened functionally graded circular cylindrical shells.
INTRODUCTION
Governing equations of this problem are established in Part 1: "An analytical approach to analyze nonlinear dynamic response of eccentrically stiffened functionally graded circular cylindrical shells subjected to time dependent axial compression and external pressure. Part 1: Governing equations establishment" of the paper. In this part, effects of stiffener, material and geometric properties on the vibration and dynamic buckling behavior of cylindrical shells are numerically investigated.
Semi-analytical approach has become popular to investigate nonlinear dynamic response of mechanic structure analysis. Bich et al. [1] [2] [3] and Huang and Han [4] studied nonlinear dynamic buckling and vibration of FGM cylindrical shell, shallow double curved shell and cylindrical shell with and without stiffeners by using Runge-Kutta method. Due to linear deflection mode shape of solution, the dynamic responses of structures are obtained by solving one nonlinear second-order differential equation. The critical dynamic buckling is determined by applying Budiansky-Roth criterion [5] with only response of linear deflection term.
An approximate three-term solution of deflection taking into account the nonlinear buckling shape is chosen in Part 1. The obtained equations (36-38) are the nonlinear second-order differential three equations system. In this paper, this equation system is also solved by four order Runge-Kutta method. The vibration behavior of stiffened functionally graded circular cylindrical shells is carefully investigated and the dynamic critical time t cr can be obtained according to Budiansky-Roth criterion [5] with total response of pre-buckling uniform, linear buckling, and nonlinear deflections. For large value of loading speed, the amplitude-time curve of obtained displacement response increases sharply depending on time and this curve obtain a maximum by passing from the slope point and at the corresponding time t = t cr the stability loss occurs. Here t cr is called critical time and the load corresponding to this critical time is called dynamic critical buckling load. The results show the effects of stiffener, volume-fraction index and geometrical parameters on the dynamic behavior of shells.
NUMERICAL RESULTS AND DISCUSSIONS

Validation of the present approach
The natural frequencies with basic vibration mode in longitudinal direction m = 1 and various vibration modes in circumferential direction n of isotropic cylindrical shells reinforced by stringer stiffeners of present study are compared to ones of Sewall and Naumann [6] and Sewall et al. [7] which were used trigonometric functions for circumferential modes, beam vibration functions for longitudinal modes, Rayleigh-Ritz procedure [6, 7] and ignored stiffener eccentricities [7] in Figs. 1-3 . The simply supported cylindrical shells are used in these comparisons have geometrical and material properties: L = 60.96 cm, E = 68.95 GN/cm 2 , υ = 0.315, ρ = 2.7145 × 10 3 kg/m 3 , s s = 25.4 mm.
The static buckling of stiffened isotropic cylindrical shells under external pressure were studied by Baruch and Singer [8] , Reddy and Starnes [9] and Shen [10] (see Tab. 1) and the dynamic buckling of un-stiffened FGM cylindrical shells under axial compression is considered (see Tab. 2), which was also analyzed by Huang and Han [4] using the energy method, classical shell theory and linear buckling shape. As can be seen, the good agreements are obtained in these comparisons.
Dynamic responses of ES-FGM cylindrical shell
To illustrate the present approach, the FGM cylindrical shells are considered with R = 0. The numbers in the parenthesis denote the buckling modes (n), m = 1.
The material properties are E s = E c and E r = E c , ρ s = ρ c and ρ r = ρ c with internal stringer stiffeners and internal ring stiffeners; E s = E m , E r = E m , ρ s = ρ m and ρ r = ρ m with external stringer stiffeners and external ring stiffeners, respectively. The numbers in the parenthesis denote the buckling modes (n), m = 1.
The fundamental frequencies of natural vibration of ES-FGM cylindrical shells are shown in Tab. 3. As can be seen, the fundamental frequency of stiffened shells is larger than one of un-stiffened shells. The greatest is the fundamental frequency of internal stiffened shells. In addition, the fundamental frequency decreases when k increases. For example, ω mn = 3781.47 rad/s (k = 0.2) is larger than ω mn = 2784.62 rad/s (k = 10) about 1.36 times for R/h = 100 and internal stiffened shell. This property corresponds to the real property of material because the higher value of k implies a metal-richer cylindrical shells which usually has lower stiffness than a ceramic-richer one. Fig. 4 shows the effect of excitation force Q on the amplitude-frequency curves of nonlinear vibration of stiffened FGM cylindrical shell. As can be seen, when the excitation force decreases, the frequency-amplitude curves of forced vibration are closer to the amplitude-frequency curve of free vibration. Fig. 5 investigates effect of R/h ratio on the frequency-amplitude curve of nonlinear free vibration. The obtained results show that the frequency-amplitude curve of thicker shell is lower than one of thinner shell. Figs. 6 and 7 present the nonlinear responses of stiffened and un-stiffened FGM cylindrical shell with R/h = 250, k = 1. Fundamental frequency of un-stiffened and stiffened cylindrical shells are 1654.05 rad/s, 2518.90 rad/s (external stiffeners) and 3262.19 rad/s (internal stiffeners) , respectively (see Tab. 3). The excitation frequencies are much smaller (Figs. 6 and 7, q 0 (t) = 2 × 10 5 sin(500t)) than fundamental frequency. These results show that the stiffeners considerably decrease vibration amplitude when excitation frequencies are far from the fundamental frequency.
When the excitation frequencies are near to fundamental frequency, the interesting phenomenon is observed like the harmonic beat phenomenon of a linear vibration (Figs.  8 and 9 ). The excitation frequency is 2450 rad/s which is near to fundamental frequency 2518.90 rad/s of external stiffened cylindrical shell. The result shows that the amplitude of beats increases rapidly when the excitation frequency approaches the fundamental frequency. When the excitation force is small, the deflection-velocity relation has the closed curve form as in Figs. 10 and 11. When the excitation force increases, the deflection-velocity curve becomes more disorderly (see Figs. 12 and 13) .
Figs. 14-16 present the effect of linear damping on nonlinear responses in with the linear damping coefficient µ = 0.3. The damping lightly influences the response in the first vibration periods (Fig. 14) . But, it considerably decreases the amplitude at the next far periods (Figs. 15 and 16) . (7) 35.912 (6) 16.535 (7) 5 5,133 (7) 27,067 (5) 12.789(6) 10 4,576 (7) 24.835 (5) 11.670(6) R/h = 250 0.2 2.327 (9) 26.484(6) 9.184 (7) 1 1.568 (9) 22.318 (5) 8.338 (7) 5 1,063(9) 16,335(5) 6.873(6) 10 0.992(9) 14.794(5) 6.387(6) d The numbers in the parenthesis denote the buckling modes (n), m = 1. 2, 1, 5, 10) . Clearly, the critical buckling load of stiffened shell is greater than one of un-stiffened shell. Tabs. 4 and 5 show that the critical dynamic load decreases with the increase of the volume fraction index k and the buckling modes (m, n) seem to be smaller for stiffened shells. Tabs. 4 and 5 also present the effect of R/h ratio on the critical dynamic buckling of shells. The critical dynamic buckling (external pressure and axial compression) of FGM cylindrical shell is strongly decreased when the R/h ratio increases.
Figs. 17 and 18 present effects of the loading speed on the dynamic responses of cylindrical shells under external pressure and axial compression with three values of loading speed. As can be seen, the critical dynamic buckling loads considerably increase when the loading speed increases. Fig. 19 shows the dynamic response of stiffened circular cylindrical shell under combination of external pressure varying on time q 0 = 10 6 t (N/m 2 ) and pre-loaded compressions r 0 = const. As can be observed, the pre-loaded compressions strongly influence on the critical dynamic buckling of stiffened cylindrical shell. The critical dynamic buckling of shell decreases when the pre-loaded compression increases. The effect of type and position of stiffeners on the nonlinear critical buckling loads is given in Tab. 6. For FGM cylindrical shells under external pressure, the stringer stiffeners lightly influence and the ring stiffeners strongly influence to the critical buckling load of shells. Conversely, for FGM cylindrical shells under axial compression, the stringer stiffeners strongly influence and the ring stiffeners lightly influence to the critical buckling load of shells. Especially, the combination of ring and stringer stiffeners has a considerable effect on the stability of shells. Tab. 6 also shows that the critical dynamic buckling loads are greater than the critical static buckling loads of shells.
CONCLUSIONS
The nonlinear second-order differential three equations system (36-38) in Part 1 is solved by using the Runge-Kutta method and applying the Budiansky-Roth criterion to analyze the nonlinear dynamic response and critical dynamic buckling load. The frequencyamplitude relation of nonlinear vibration is also investigated. Some conclusions can be obtained: i). Harmonic beat phenomenon of a linear vibration is obtained when the excitation frequencies are near to natural frequencies.
ii). Damping considerably influence on the amplitude of nonlinear vibration at the next far periods.
iii). Stiffeners enhance the dynamic stability of cylindrical shells. iv). R/h ratio, position of stiffeners considerably influence on the nonlinear vibration and dynamic buckling of cylindrical shell. v). Stringer stiffeners lightly influence and the ring stiffeners considerably influence on the critical buckling load of shells for FGM cylindrical shells subjected to external pressure. Conversely, the stringer stiffeners strongly influence and the ring stiffeners significantly influence on the critical buckling load of shells in the axial compression case.
